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We study the annulus amplitudes in the (2, 4) minimal superstring theory using the
continuum worldsheet approach. Our results reproduce the semiclassical behavior of the
wavefunctions of FZZT-branes recently studied in hep-th/0412315 using the dual matrix
model. We also study the multi-point functions of neutral FZZT-branes and find the
agreement between their semiclassical limit and the worldsheet annulus calculation.
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1. Introduction
Minimal superstring theories are interesting arena to study various aspects of string
theory [1–8]. The existence of dual matrix models allows us to study nonperturbative
phenomena in a very controlled setup. In particular, we can expect to understand the
physics of D-branes in a quantum regime and the open-closed duality in a very precise
way.
In [9] it is realized that the FZZT-brane is a useful probe of the target space in
minimal string theories. In the matrix model description, the FZZT-brane corresponds
to the determinant operator det(x − M) and one can define the wavefunction ψ(x) of
FZZT-brane as a double scaling limit of the expectation value 〈det(x −M)〉. Due to the
Stokes’ phenomenon, the semiclassical moduli space of FZZT-brane, which is represented
by a Riemann surface, is replaced by the entire complex x-plane in the full theory, and
correspondingly ψ(x) is an entire function of x. In particular, at a topological point the
FZZT wavefunction is given by a (generalized) Airy function [9,10,11] which is indeed
entire. This implies that a semiclassical picture of target space measured by the FZZT-
brane is completely different from the picture in the full nonperturbative theory.
One would expect that the physics of FZZT-branes and their wavefunctions in minimal
superstring theories is much richer than that of their bosonic cousins, given the fact that
there is an interesting interplay between RR fluxes and D-branes in minimal superstring
theories. In a recent paper [12], the simplest minimal superstring, i.e., the (p, q) = (2, 4)
theory has been studied. This theory contains two types of FZZT-branes, the branes which
are either neutral or charged under the RR potential. The neutral brane is easy to describe
in the 0A language (complex matrix model), while the charged brane is naturally described
in the 0B language (hermitian matrix model). It is argued [1] that 0A and 0B theories are
actually equivalent for the (p, q) = (2, 4) case.
In this paper, we will present a one more nontrivial check for the duality between the
matrix model and the (2, 4) minimal superstring theory. We will study the annulus ampli-
tudes in the (2, 4) theory using the worldsheet approach and find complete agreement with
the semiclassical behavior of the wavefunctions of FZZT-branes obtained in [12]. Although
the wavefunctions are analytic in the bulk cosmological constant µ, the semiclassical limit
is dependent on the sign of µ, so we need to study the two cases µ > 0 and µ < 0 separately.
The semiclassical expansion of FZZT wavefunction involves only the annulus between
the FZZT-brane and itself. On the other hand, our worldsheet calculation gives more gen-
eral amplitudes between two FZZT-branes with different boundary cosmological constants
1
µB 6= µ′B . These amplitudes naturally appear in the semiclassical limit of multi-point
functions of FZZT-branes. We will study the multi-brane correlators of neutral FZZT-
branes using the complex matrix model and again find an impressive agreement with the
worldsheet calculation.
This paper is organized as follows. In section 2, we study the annulus amplitudes in
the µ > 0 phase and compare them with the semiclassical behavior of the wavefunctions
of FZZT-branes. In section 3, we repeat the analysis for the µ < 0 phase. In section 4, we
consider the multi-point functions of neutral FZZT-branes and show that the semiclassical
behavior of those correlators is reproduced from the worldsheet annulus computation.
Appendix A is devoted to the detailed calculation of the amplitudes.
2. One-Cut Phase (µ > 0)
Let us first summarize the semiclassical behaviors of the wavefunctions of FZZT branes
obtained in [12]. In this section, we will consider the case µ > 0, or the one-cut phase
in the type 0B picture. In general, we expect that in the semiclassical regime (µ → +∞,
x→ ±i∞ with x/√µ fixed) the wavefunction of FZZT-brane behaves as
ψ(x, q) ∼ exp
[
D(x) +
1
2
Z(x, x) + |q|Z˜(x, ǫ) + · · ·
]
, (2.1)
where x is related to the boundary cosmological constant µB by x = iµB . The first
term D(x) in (2.1) denotes the disk amplitude. The explicit form of disk for the charged
FZZT-brane D±(x) and for the neutral FZZT-brane D0(x) reads
D±(x) =

− i
(
4
3
x3 + µx
)
− i4
3
(
x2 +
µ
2
) 3
2
, D0(x) =

− 4
3
√
2
(µ
2
− x2
) 3
2
− i
√
2
(
4
3
x3 − µx
) µ > 0
µ < 0
. (2.2)
The second term Z(x, x) in (2.1) is the annulus between the FZZT-brane and itself. The
factor of 1/2 in front of Z(x, x) comes from the fact that the open strings are ending on the
same brane [9]. The third term |q|Z˜(x, ǫ) comes from the interaction between the FZZT-
brane and the (1, 1) ZZ-branes in the background. At the leading order, this interaction
is represented by the annulus between the FZZT-brane and a single ZZ-brane with charge
ǫ = sign(q), multiplied by the number |q| of ZZ-branes.
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It is shown in [12] that the semiclassical wavefunction of the neutral FZZT-brane is
given by
ψ0(x, q) ∼ (−ix)−|q| exp
[
D0(x)− 1
4
log(µ− 2x2) + |q|
2
log
(√
µ− 2x2 −√µ√
µ− 2x2 +√µ
)
+ · · ·
]
(2.3)
and the wavefunction of the charged FZZT-brane behaves as
ψ+(x, q) ∼ exp
[
D+(x) + q log
{− i2√2(x− xZZ)}+ · · ·] Imx > 0
ψ−(x, q) ∼ exp
[
D−(x)− q log
{
+ i2
√
2(x− xZZ)
}
+ · · ·
]
Imx < 0 ,
(2.4)
where xZZ = ∓i
√
µ
2 is the value of x associated with the (1, 1) ZZ-brane, which corresponds
to the extrema of the effective potential in the dual matrix model picture. For the neutral
brane wavefunction (2.3), we have factored out x−|q| as an overall factor. As discussed in
[12], this is necessary in the µ < 0 phase when comparing ψ0 to the worldsheet calculation.
Here we followed the same prescription also for the µ > 0 phase in order to identify the
q-dependent term |q|Z˜(x, ǫ) correctly. In other words, the rescaled wavefunction ψ˜0(x) =
(−ix)|q|ψ0(x) is the one which shows the expected semiclassical behavior (2.1).
In the rest of this section, we will reproduce these expressions from the continuum
worldsheet calculation.
2.1. Worldsheet Computation of the Annulus between FZZT Branes
In the worldsheet approach, D-branes are described by using boundary states. The
boundary states of the charged and neutral FZZT-branes are given by1 [3,12]
|σ, ξ, η = −1〉 =
∫ ∞
0
dP
(µ
2
) iP
b
(
cos(πPσ)ANS(P )|P, η = −1〉NS
+ ξ cos(πPσ)AR(P )|P, η = −1〉R
)
|σ, 0, η = +1〉 =
√
2
∫ ∞
0
dP
(µ
2
) iP
b
cos(πPσ)ANS(P )|P, η = +1〉NS
(2.5)
where b = 1√
2
and ANS(P ), AR(P ) are the wavefunctions of N = 1 super-Liouville theory
[13,14]
ANS(P ) =
Γ(1− iP b)Γ(1− iP b−1)
−√2πiP , AR(P ) =
1
πb2
Γ
(
1
2
− iP b
)
Γ
(
1
2
− iP b−1
)
.
(2.6)
1 In this paper, we use the normalization of P and σ in [3], while the convention of µ is that
of [12].
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In (2.5), ξ = ±1 represents the charge of the brane and η = ±1 specifies the boundary
condition of the supercharge Q = iηQ.
Now let us consider the annulus amplitudes between FZZT-branes
Z(σ, 0|σ′, 0) =
∫ ∞
0
dtc 〈σ, 0, η = +1|q 12 (L0+L˜0)|σ′, 0, η = +1〉
Z(σ, ξ|σ′, ξ) =
∫ ∞
0
dtc 〈σ, ξ, η = −1|q 12 (L0+L˜0)|σ′, ξ, η = −1〉
Z(σ, 0|σ′, ξ) = −
∫ ∞
0
dtc 〈σ, 0, η = +1|q 12 (L0+L˜0)|σ′, ξ, η = −1〉
(2.7)
where q = e−2pitc . In the last equation in (2.7), we have put an extra minus sign for the
amplitude Z(σ, 0|σ′, ξ), since the modes running in the open string channel are in the R-
sector and hence fermionic. From the calculations in appendix A, the annulus amplitudes
between various FZZT-branes in the µ > 0 phase are found to be
Z(σ, 0|σ′, 0) = − log
(
2
√
µ cosh θ + 2
√
µ cosh θ′
)
Z(σ, ξ|σ′, ξ′) = −1 + ξξ
′
2
log
(
2
√
µ cosh θ + 2
√
µ cosh θ′
)
Z(σ, 0|σ′, ξ) = 1
2
log
(
2
√
µ cosh(θ + θ′) +
√
2µ
)
+
1
2
log
(
2
√
µ cosh(θ − θ′) +
√
2µ
)
(2.8)
where we defined θ by
θ =
πbσ
2
=
πσ√
8
. (2.9)
2.2. Z(x, x)
Now we can compare the worldsheet result (2.8) with the matrix model result (2.3),
(2.4). Let us consider the term Z(x, x) in the semiclassical wavefunction. For the charged
branes, the worldsheet result (2.8) shows that the annulus between FZZT-branes carrying
the same charge vanishes
Z(σ, ξ|σ′, ξ) = 0 . (2.10)
This agrees with the absence of the q-independent term in the wavefunctions (2.4).
For the neutral brane, recalling that θ and x are related by x = i
√
µ
2
sinh θ, we see
that the worldsheet result (2.8) and the matrix model result (2.3) agree with each other
up to an irrelevant additive constant
Z(σ, 0|σ, 0) = − log(4√µ cosh θ) = −1
2
log(µ− 2x2)− log 4 . (2.11)
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2.3. Z˜(x, ǫ)
Next consider the term Z˜(x, q). The annulus between a FZZT-brane and a ZZ-brane
can be obtained from the FZZT-FZZT annulus by writing the ZZ boundary state as a
linear combination of the FZZT boundary states [3,15]
|(1, 1), ξ〉 = |σ1,1, ξ〉 − |σ1,−1,−ξ〉 (2.12)
where σm,n = i(mb
−1 + nb). From this relation (2.12) and the amplitude Z(σ, 0|σ′, ξ) in
(2.8), the annulus between a neutral FZZT-brane and a (1, 1) ZZ-brane is obtained as
Z(σ, 0|(1, 1), ξ) = Z(σ, 0|σ1,1, ξ)− Z(σ, 0|σ1,−1,−ξ) = 1
2
log
(
cosh θ − 1
cosh θ + 1
)
. (2.13)
This is independent of the charge ξ of the ZZ-brane since only the NSNS exchange in the
closed string channel contributes to this amplitude. From the relation x = i
√
µ
2 sinh θ,
one can see that (2.13) agrees with the |q| dependent term inside the exponential of (2.3).
Note that it is necessary to factor out x−|q| for this agreement to work.
Similarly, the annulus between a charged FZZT-brane and a (1, 1) ZZ-brane is given
by
Z(σ, ξ|(1, 1), ξ′) = Z(σ, ξ|σ1,1, ξ′)− Z(σ, ξ|σ1,−1,−ξ′)
=
ξξ′ − 1
2
log
[
2
√
µ
(
cosh θ − 1√
2
)]
+
ξξ′ + 1
2
log
[
2
√
µ
(
cosh θ +
1√
2
)]
.
(2.14)
Since ξξ′ = ±1, (2.14) can be written more compactly as
Z(σ, ξ|(1, 1), ξ′) = ξξ′ log
[
2
√
µ
(
cosh θ +
ξξ′√
2
)]
. (2.15)
Using the relation x = iξ
√
µ
2 cosh θ and xZZ = −iξ′
√
µ
2 , (2.15) is further rewritten as
|q|Z(σ, ξ|(1, 1), ξ′) = 2qbq log
[
− i2
√
2ξ(x− xZZ)
]
(2.16)
where we identified ξ = 2qb = sign(Imx) and ξ
′ = sign(q). This reproduces the q-dependent
term in the charged FZZT-brane wavefunctions (2.4). Although the final result is propor-
tional to the charge of ZZ-brane, this amplitude receives contributions both from the RR
sector and the NSNS sector. However, there is a qualitative difference between the RR
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and the NSNS contributions for this amplitude. In the NSNS sector the pole of |ANS(P )|2
is canceled by a factor coming from the ZZ boundary state
(cosπPσ1,1 − cosπPσ1,−1)|ANS(P )|2 = 1 . (2.17)
Therefore, there is no pole at P = 0 in the integral representation of this NSNS contribution
and the result is finite:
Z(σ, ξ|(1, 1), ξ′)NS = 1
2
∫ ∞
−∞
dP
P
sinh piP√
2
cosh
√
2πP
cos(πPσ) . (2.18)
On the other hand, the corresponding relation for the RR sector
(cosπPσ1,1 + cosπPσ1,−1)|AR(P )|2 = 1 (2.19)
does not remove the pole at P = 0:
Z(σ, ξ|(1, 1), ξ′)R = −ξξ
′
2
∫ ∞
−∞
dP
P
cosh piP√
2
sinh
√
2πP
cos(πPσ) . (2.20)
Therefore, the RR contribution contains a divergence proportional to the volume of Liou-
ville direction.
Some comments on the statistics of open strings between FZZT and ZZ branes are
in order. In the amplitude Z(σ, 0|(1, 1), ξ), the open string running along the loop is
in the R sector. This implies that the open string between the (1, 1) ZZ-brane and the
neutral FZZT-brane is fermionic. This is consistent with the fact that the neutral brane
is represented by a determinant in the complex matrix model [12]. On the other hand,
Z(σ, ξ|(1, 1), ξ′) is in the NS sector in the open string channel and hence the open string
between the (1, 1) ZZ-brane and the charged FZZT-brane is bosonic.
This is in contrast with the situation in the bosonic minimal string. In the bosonic
theory, the FZZT-brane corresponds to the determinant in the matrix model and conse-
quently the open strings between FZZT and ZZ branes are fermionic, despite the fact that
the theory itself is a bosonic string theory. In the worldsheet approach, this fermionic
nature of open string can be taken care of by adding an extra minus sign relative to the
relation between the FZZT boundary state and the ZZ boundary state in the Liouville
theory alone [16]
|m,n〉 = −|σm,n〉+ |σm,−n〉 . (2.21)
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However, in the case of minimal superstring, this modification does not lead to a consistent
picture because the open string between ZZ and FZZT can be either bosonic or fermionic
depending on the charge of FZZT-branes in question, as we saw above. Instead, we keep
the relation (2.12) intact and add an extra minus sign to the annulus Z(σ, 0|σ′, ξ) in order
to represent the fermionic nature of the modes running along the open string one-loop.
Our choice (2.12) of the relative sign between ZZ and FZZT boundary states is justified
by the fact that the disk amplitude of the ZZ-brane is negative with this choice of relative
sign 2
DZZ± = D±(σ1,1)−D∓(σ1,−1) = −
2
3
µ
3
2 < 0 . (2.22)
This sign guarantees that the nonperturbative effect associated with an instanton-anti-
instanton pair, which goes like eD
ZZ
+ +D
ZZ
− ∼ e− 43µ
3
2 , is exponentially small in the weak
coupling regime gs ∼ µ−3/2 ≪ 1 [16].
3. Two-Cut Phase (µ < 0)
The computation in the µ < 0 phase is almost similar to the µ > 0 case. The FZZT
boundary states in this phase are given by [3,12]
|σ, ξ, η = −1〉naive =
∫ ∞
0
dP
(
−µ
2
) iP
b
(
cos(πPσ)ANS(P )|P, η = −1〉NS
− iξ sin(πPσ)AR(P )|P, η = −1〉R
)
|σ, 0, η = +1〉 =
√
2
∫ ∞
0
dP
(
−µ
2
) iP
b
cos(πPσ)ANS(P )|P, η = +1〉NS .
(3.1)
It was pointed out in [12] that for the charged FZZT-brane the coupling to the zero-
momentum RR potential should be added to the naive boundary state
|σ, ξ, η = −1〉 = |σ, ξ, η = −1〉naive + ξ
2
VR|0〉 . (3.2)
The annulus amplitudes Z(σ, 0|σ′, 0) and Z(σ, 0|σ′, ξ) involving neutral branes are
obtained from the µ > 0 result by simply sending µ → −µ, since the RR sector does not
contribute to those amplitudes:
Z(σ, 0|σ′, 0) = − log
(
2
√−µ cosh θ + 2√−µ cosh θ′
)
Z(σ, 0|σ′, ξ) = 1
2
log
(
2
√−µ cosh(θ + θ′) +
√
−2µ
)
+
1
2
log
(
2
√−µ cosh(θ − θ′) +
√
−2µ
)
.
(3.3)
2 We would like to thank N. Seiberg and D. Shih for this argument.
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Let us compare (3.3) with the semiclassical wavefunction of neutral FZZT brane
ψ0(x, q) ∼ (−ix)−|q| exp
[
D0(x)− 1
2
log x+ · · ·
]
. (3.4)
Since there are no charged ZZ-branes in this phase and the neutral brane has no RR
Ishibashi component in its boundary state, the leading semiclassical terms (i.e. disk and
annulus) should be q-independent [12]. Therefore, the rescaled wavefunction (−ix)|q|ψ0(x),
which is independent of q at the leading order, is the natural object to compare with the
worldsheet calculation. Using the relation x = i
√−µ2 cosh θ, one can see that Z(σ, 0|σ, 0)
in (3.3) agrees with the − log x term in (3.4).
In a similar manner as in appendix A, the annulus amplitude between the charged
branes using the naive boundary state is evaluated as
Z(σ, ξ|σ′, ξ′)naive = 1
2
∫ ∞
−∞
dP
P
P 2 + ε2
cos(πPσ + ξξ′πPσ′)
sinh(
√
8πP )
=
1
2
√
8ε
− log
[
2 cosh
(
θ + ξξ′θ′
2
)]
= −1
4
log(−µ) − log
[
2 cosh
(
θ + ξξ′θ′
2
)]
+ const .
(3.5)
From this expression, the amplitude between a charged FZZT-brane and itself is found to
be
Z(σ, ξ|σ, ξ)naive = −1
4
log(−µ)− log(2 cosh θ) . (3.6)
Now let us compare the amplitude (3.6) with the semiclassical wavefunction of charged
FZZT-brane [12]
ψ+ ∼ exp
[
−4
3
(
−µ
2
) 3
2
cosh3 θ − 1
2
log(2 cosh θ) +
1
2
θ + q
(
θ +
1
2
log(−µ)
)]
. (3.7)
It is argued [12] that the annulus amplitude extracted from the asymptotic wavefunction
(3.7) has a decomposition
Z(σ|σ) = − log(2 cosh θ) + θ = Z(σ|σ)naive + ∂qDnaive(σ)− 1
4
∂2qF , (3.8)
where Z(σ|σ)naive is the naive annulus amplitude, ∂qDnaive(σ) = θ is the disk one-point
function of VR, and ∂
2
qF = − log(−µ) is the two-point function of VR on the sphere.
Therefore, the matrix model result predicts that [12]
Z(σ|σ)naive = −1
4
log(−µ)− log(2 cosh θ) . (3.9)
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Clearly, our boundary state computation (3.6) for the naive part of annulus amplitude
agrees with the matrix model result (3.9) as conjectured in [12].
To summarize, our analysis of annulus amplitudes in section 2 and 3 precisely repro-
duces the all known asymptotic behaviors of semiclassical wavefunctions studied in [12].
This agreement between the worldsheet computation and the matrix model result can be
thought of as strong evidence of the duality between the (2, 4) minimal superstring and
the double scaled matrix model in the presence of D-branes.
4. Multi-Point Correlators of Neutral Branes
As we saw above, only the annulus amplitude Z(x, x) between a FZZT-brane and itself
appears in the semiclassical expansion of the wavefunctions, or the one-point functions of
the FZZT operators. It is clear that the natural place where the annulus amplitudes
Z(x, x′) with x 6= x′ show up is the multi-point functions of FZZT-brane operators. For
the neutral branes, as we will see below, it is straightforward to generalize the one-point
function 〈B0(x)〉 to the multi-point functions 〈
∏
iB0(xi)〉 as in the case of bosonic minimal
string [9,10]. On the other hand, the calculation of charged brane correlators turned out
to be not as straightforward as that of neutral branes. Therefore, in this paper we will
consider only the correlators of neutral branes and leave the matrix model calculation of
charged brane correlators as an interesting open problem.
It is argued [12] that the wavefunction of neutral FZZT brane is obtained as a double
scaling limit of the determinant operator in a complex matrix model
ψ0(x) = lim
N→∞
1√
hN
e−V (x
2)
〈
det(x2 −MM †)
〉
=
1
Z
〈B0(x)〉 . (4.1)
We can naturally promote this equation as the definition of the operator B0(x)
B0(x) = lim
N→∞
1√
hN
e−V (x
2) det(x2 −MM †) . (4.2)
As explained in the appendix A.3 of [12], we can apply the determinant formula of [17] to
evaluate the correlator of determinants in the complex matrix model〈∏
i
det(x2i −MM †)
〉
=
det(PN+j−1(x2i ))
∆(x2)
, (4.3)
9
where ∆(λ) =
∏
i>j(λi − λj) is the Vandermonde determinant and Pn(λ) are orthogonal
polynomials. In the double scaling limit, the shift in the index of the orthogonal polyno-
mials becomes a derivative with respect to µ. Therefore, after double scaling limit (4.3)
becomes
1
Z
〈∏
i
B0(xi)
〉
=
detij
(
∂j−1µ ψ0(xi, µ)
)
∆(x2)
. (4.4)
Note that a similar expression for the multi-brane correlator in bosonic minimal string
theory was obtained in [9,10].
From (4.4), one can see that the semiclassical expansion of the two neutral FZZT-
brane correlator has a prefactor
∂µD0(x)− ∂µD0(x′)
x2 − x′2 =
2√|µ|(cosh θ + cosh θ′) . (4.5)
Note that this expression is valid for both signs of µ. As expected, (4.5) exactly coin-
cides (up to an irrelevant numerical factor) with the exponential of the annulus amplitude
between two neutral branes Z(σ, 0|σ′, 0) given in (2.7) and (3.3). This gives another non-
trivial check for the duality between the matrix model and the minimal superstring, in the
multi-brane sector in this case.
As we mentioned above, it would be very interesting to generalize the one-point func-
tions 〈B±(x)〉 of charged FZZT-brane to the multi-point functions 〈
∏
iB±(xi)〉 and study
their interplay with the background RR flux.
Acknowledgments: I would like to thank Nathan Seiberg and David Shih for useful
discussions and encouragement. I would also like to thank Jongwon Park for discussions.
Appendix A. Computation of Annulus Amplitudes
In this appendix, we will present details of the calculation of annulus amplitudes (2.8)
and (3.3) in the text. See [15,16] for similar calculations in the bosonic minimal string.
Before going into details, let us summarize some useful formulas used in the fol-
lowing computation. We need the absolute value of the super-Liouville wavefunctions
ANS(P ), AR(P ) given in (2.6):
|ANS(P )|2 = 1
2 sinhπPb sinhπPb−1
, |AR(P )|2 = 1
2 coshπPb coshπPb−1
. (A.1)
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We define the partition functions as
η(q) = q
1
24
∞∏
n=1
(1− qn)
fR(q) =
√
2q
1
24
∞∏
n=1
(1 + qn)
fNS(q) = q
− 148
∞∏
n=1
(1 + qn−
1
2 )
f
N˜S
(q) = q−
1
48
∞∏
n=1
(1− qn− 12 )
(A.2)
and the following expansions for the ratio of η(q) and f(q)’s are useful:
η(q)
fNS(q)
=
1
2
∑
n∈Z
(−1) 12n(n+1)q 14 (n+ 12 )2 =
∑
k∈Z
[
q
(8k+1)2
16 − q (8k+3)
2
16
]
η(q)
fR(q)
=
1√
2
∑
n∈Z
(−1)nqn2
η(q)
f
N˜S
(q)
=
1
2
∑
n∈Z
q
1
4 (n+
1
2 )
2
=
∑
k∈Z
[
q
(8k+1)2
16 + q
(8k+3)2
16
]
.
(A.3)
(A.3) can be easily shown by using Jacobi triple product identity. We will also use the
following summation formulas
∑
k∈Z
1
x2 + (k + a)2
=
π
x
· sinh(2πx)
cosh(2πx)− cos(2πa)∑
n∈Z
(−1)n
n2 + a2
=
π
a sinh(πa)
.
(A.4)
A.1. Neutral-Neutral Amplitude: Z(σ, 0|σ′, 0)
Let us start with the annulus amplitude between two neutral branes described by the
boundary state |σ, 0, η = +〉 in (2.5):
Z(σ, 0|σ′, 0) = 2
∫ ∞
0
dP |ANS(P )|2 cos(πPσ) cos(πPσ′)
∫ ∞
0
dtc
[
η(q)
fNS(q)
]2
fNS(q)
η(q)
q
P2
2 .
(A.5)
Here, the factor [ ηfNS ]
2 is the ghost contribution and fNS(q)η(q) q
P2
2 is the NS character of
N = 1 super-Liouville theory.
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Using the expansion (A.3) and the summation formula (A.4), the tc integral becomes
(recall q = e−2pitc)
∫ ∞
0
dtc
η(q)
fNS(q)
q
P2
2 =
1
π
∑
k∈Z
[
1
P 2 + (8k+1)
2
8
− 1
P 2 + (8k+3)
2
8
]
=
sinh piP√
2
P cosh(
√
2πP )
. (A.6)
Then the amplitude (A.5) becomes
Z(σ, 0|σ′, 0) =
∫ ∞
−∞
dP |ANS(P )|2 cos(πPσ) cos(πPσ′)
sinh piP√
2
P cosh(
√
2πP )
=
∫ ∞
−∞
dP
P
cos(πPσ) cos(πPσ′)
sinh(
√
8πP )
.
(A.7)
As discussed in [16], the double pole at P = 0 can be regularized by replacing
1
P
⇒ lim
ε→+0
P
P 2 + ε2
. (A.8)
By closing the contour of the P -integral and picking up the residues of the poles, the
integral (A.7) is evaluated as
Z(σ, 0|σ′, 0) = 1√
8ε
− log (2 cosh θ + 2 cosh θ′) . (A.9)
We identify the divergence 1/ε as the volume of the Liouville direction. Recalling our
definition of the vertex operator VP = e(Q2 +iP )φ and the closed string tachyon T = µebφ,
1/ε is identified as
1
ε
=
1
b
log
(
Λ
|µ|
)
(A.10)
where Λ is a cut-off. After removing the divergent logΛ term, we obtain
Z(σ, 0|σ′, 0) = −1
2
logµ− log (2 cosh θ + 2 cosh θ′) + const . (A.11)
A.2. Charged-Charged Amplitude: Z(σ, ξ|σ′, ξ′)
The annulus between charged FZZT branes consists of two contributions: one from
the NSNS sector and the other from the RR sector. From the explicit form of the bound-
ary states (2.5), one can see that the NSNS sector exchange is the half of neutral brane
amplitude computed in the previous section
Z(σ, ξ|σ′, ξ′)NS = 1
2
Z(σ, 0|σ′, 0) . (A.12)
12
On the other hand, the RR sector exchange is given by
Z(σ, ξ|σ′, ξ′)R = −ξξ′
∫ ∞
0
dP |AR(P )|2 cos(πPσ) cos(πPσ′)
∫ ∞
0
dtc
η(q)
fR(q)
q
P2
2 . (A.13)
Here we reversed the sign of RR bra-state in order to impose the correct GSO projection
in the open string channel. Again, using (A.3) and (A.4), the tc integral is evaluated as∫ ∞
0
dtc
η(q)
fR(q)
q
P2
2 =
1
2P sinh piP√
2
. (A.14)
Plugging this into (A.13), it turns out that RR exchange is also proportional to Z(σ, 0|σ′, 0)
Z(σ, ξ|σ′, ξ′)R = −ξξ
′
2
Z(σ, 0|σ′, 0) . (A.15)
Finally the total amplitude is
Z(σ, ξ|σ′, ξ′) = Z(σ, ξ|σ′, ξ′)NS + Z(σ, ξ|σ′, ξ′)R = 1− ξξ
′
2
Z(σ, 0|σ′, 0) . (A.16)
A.3. Neutral-Charged Amplitude: Z(σ, 0|σ′, ξ)
The annulus between a neutral FZZT-brane and a charged FZZT-brane is given by
Z(σ, 0|σ′, ξ) = −
√
2
∫ ∞
0
dP |ANS(P )|2 cos(πPσ) cos(πPσ′)
∫ ∞
0
dtc
η(q)
f
N˜S
(q)
q
P2
2 . (A.17)
In the same way as before, the tc integral is found to be∫ ∞
0
dtc
η(q)
f
N˜S
(q)
q
P2
2 =
tanh
√
2πP√
2P
. (A.18)
Then (A.17) becomes
Z(σ, 0|σ′, ξ) = −
√
2
∫ ∞
−∞
dP
2
|ANS(P )|2 cos(πPσ) cos(πPσ′) tanh
√
2πP√
2P
= −
∫ ∞
−∞
dP
P
cos(πPσ) cos(πPσ′)
sinh(
√
8πP )
cosh
πP√
2
.
(A.19)
Finally, regularizing the divergence using (A.8) and closing the contour of the P -integral,
we find
Z(σ, 0|σ′, ξ)
=
1
2
log
(
2
√
µ cosh(θ + θ′) +
√
2µ
)
+
1
2
log
(
2
√
µ cosh(θ − θ′) +
√
2µ
)
=
1
2
log
[
cosh
(
θ +
πi
4
)
+ cosh θ′
]
+
1
2
log
[
cosh
(
θ − πi
4
)
+ cosh θ′
]
+ log(2
√
µ) .
(A.20)
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